We investigate the Wightman function, the vacuum expectation values of the field squared and the energy-momentum tensor for a massive scalar field with general curvature coupling in the generalized cosmic string geometry with a compact dimension along its axis. The boundary condition along the compactified dimension is taken in general form with an arbitrary phase. The vacuum expectation values are decomposed into two parts. The first one corresponds to the uncompactified cosmic string geometry and the second one is the correction induced by the compactification. The asymptotic behavior of the vacuum expectation values of the field squared, energy density and stresses are investigated near the string and at large distances. We show that the nontrivial topology due to the cosmic string enhances the vacuum polarization effects induced by the compactness of spatial dimension for both the field squared and the vacuum energy density. A simple formula is given for the part of the integrated topological Casimir energy induced by the planar angle deficit. The results are generalized for a charged scalar field in the presence of a constant gauge field. In this case, the vacuum expectation values are periodic functions of the component of the vector potential along the compact dimension.
Introduction
Within the framework of grand unified theories, as a result of vacuum symmetry breaking phase transitions, different types of topological defects could be produced in the early universe [1, 2] . In particular, cosmic strings have attracted considerable attention. Although the recent observational data on the cosmic microwave background have ruled out cosmic strings as the primary source for large scale structure formation, they are still candidates for a variety of interesting physical phenomena such as the generation of gravitational waves [3] , high energy cosmic rays [4] , and gamma ray bursts [5] . Recently the cosmic strings attracted a renewed interest partly because a variant of their formation mechanism is proposed in the framework of brane inflation [6] .
In the simplest theoretical model describing the infinite straight cosmic string the spacetime is locally flat except on the string where it has a delta shaped curvature tensor. The corresponding nontrivial topology raises a number of interesting physical effects. One of these concerns the effect of a string on the properties of quantum vacuum. Explicit calculations for vacuum polarization effects in the vicinity of a string have been done for various fields [7] - [22] . Vacuum polarization effects by the cosmic string carrying a magnetic flux are considered in Ref. [23] . Another type of topological quantum effects appears in models with compact spatial dimensions. The presence of compact dimensions is a key feature of most high energy theories of fundamental physics, including supergravity and superstring theories. An interesting application of the field theoretical models with compact dimensions recently appeared in nanophysics. The long-wavelength description of the electronic states in graphene can be formulated in terms of the Dirac-like theory in three-dimensional spacetime with the Fermi velocity playing the role of speed of light (see, e.g., [24] ). Single-walled carbon nanotubes are generated by rolling up a graphene sheet to form a cylinder and the background spacetime for the corresponding Dirac-like theory has topology R 2 × S 1 . The compactification of spatial dimensions serves to alter vacuum fluctuations of a quantum field and leads to the Casimir-type contributions in the vacuum expectation values of physical observables (see Refs. [25, 26] for the topological Casimir effect and its role in cosmology). In the Kaluza-Klein-type models, the topological Casimir effect induced by the compactification has been used as a stabilization mechanism for the size of extra dimensions. The Casimir energy can also serve as a model for dark energy needed for the explanation of the present accelerated expansion of the universe. The influence of extra compact dimensions on the Casimir effect in the classical configuration of two parallel plates has been recently discussed for the case of a scalar field [27] , for the electromagnetic field with perfectly conducting boundary conditions [28] , and for a fermionic field with bag boundary conditions [29] .
In this paper we shall study the configuration with both types of sources for the vacuum polarization, namely, a generalized cosmic string spacetime with a compact spatial dimension along its axis (for combined effects of topology and boundaries on the quantum vacuum in the geometry of a cosmic string see [30, 31, 32] ). For a massive scalar field with an arbitrary curvature coupling parameter, we evaluate the Wightman function, the vacuum expectation values of the field squared and the energy-momentum tensor. These expectation values are among the most important quantities characterizing the vacuum state. Though the corresponding operators are local, due to the global nature of the vacuum, the vacuum expectation values carry an important information about the the global properties of the bulk. In addition, the vacuum expectation value of the energy-momentum tensor acts as the source of gravity in the semiclassical Einstein equations. It therefore plays an important role in modelling a self-consistent dynamics involving the gravitational field. The problem under consideration is also of separate interest as an example with two different kind of topological quantum effects, where all calculations can be performed in a closed form.
We have organized the paper as follows. The next section is devoted to the evaluation of the Wightman function for a massive scalar field in a generalized cosmic string spacetime with a compact dimension. Quasiperiodic boundary condition with an arbitrary phase is assumed along the compact dimension . By using the formula for the Wightman function, in section 3 we evaluate the vacuum expectation value of the field squared. This expectation value is decomposed into two parts: the first one corresponding to the geometry of a cosmic string without compactification and the second one being induced by the compactification. The vacuum expectation value of the energy-momentum tensor is discussed in section 4. Section 5 is devoted to the investigation of the part in topological vacuum energy induced by the planar angle deficit. Finally, the results are summarized and discussed in section 6.
Wightman function
We consider a (D+1)-dimensional generalized cosmic string spacetime. Considering the generalized cylindrical coordinates (x 1 , x 2 , . . . , x D ) = (r, φ, z, x 4 , . . . , x D ) with the string on the (D − 2) -dimensional hypersurface r = 0, the corresponding geometry is described by the line element
The coordinates take values in the ranges r 0, 0 φ φ 0 , −∞ < x l < +∞ for l = 4, . . . , D, and the spatial points (r, φ, z, x 4 , . . . , x D ) and (r, φ+φ 0 , x 4 , . . . , x D ) are to be identified. Additionally we shall assume that the direction along the z-axis is compactified to a circle with the length L: 0 z L (about the generalization of the model in the case of an arbitrary number of compact dimensions along the axis of the string see below). In the standard D = 3 cosmic string case with −∞ < z < +∞, the planar angle deficit is related to the mass per unit length of the string µ by 2π − φ 0 = 8πGµ, where G is the Newton gravitational constant.
It is interesting to note that the effective metric produced in superfluid 3 He − A by a radial disgyration is described by the D = 3 line element (1) with the negative planar angle deficit [33] . In this condensed matter system the role of the Planck energy scale is played by the gap amplitude. The graphitic cones are another class of condensed matter systems, described in the long wavelength approximation by the metric (1) with D = 2. Graphitic cones are obtained from the graphene sheet if one or more sectors are excised. The opening angle of the cone is related to the number of sectors removed, N c , by the formula 2π(1 − N c /6), with N c = 1, 2, . . . , 5. All these angles have been observed in experiments [34] . Induced fermionic current and fermionic condensate in a (2 + 1)-dimensional conical spacetime in the presence of a circular boundary and a magnetic flux have been recently investigated in Ref. [35] .
In this paper we are interested in the calculation of one-loop quantum vacuum effects for a scalar quantum field ϕ(x), induced by the non-trivial topology of the z-direction in the geometry (1) . For a massive field with curvature coupling parameter ξ the field equation has the form
where ∇ i is the covariant derivative operator and R is the scalar curvature for the background spacetime. In the geometry under consideration R = 0 for r = 0. The values of the curvature coupling parameter ξ = 0 and ξ = ξ D ≡ (D − 1)/4D correspond to the most important special cases of minimally and conformally coupled scalars, respectively. We assume that along the compact dimension the field obeys quasiperiodicity condition
with a constant phase β, 0 β 1. The special cases β = 0 and β = 1/2 correspond to the untwisted and twisted fields, respectively, along the z-direction. We could also consider quasiperiodicity condition with respect to φ → φ + φ 0 . This would correspond to a cosmic string which carries an internal magnetic flux. Though the corresponding generalization is straightforward, for simplicity we shall consider a string without a magnetic flux.
In quantum field theory, the imposition of the condition (3) changes the spectrum of the vacuum fluctuations compared to the case with uncompactified dimension. As a consequence, the vacuum expectation values (VEVs) of physical observables are changed. The properties of the vacuum state are described by the corresponding positive frequency Wightman function, W (x, x ′ ) = 0|ϕ(x)ϕ(x ′ )|0 , where |0 stands for the vacuum state. In particular, having this function we can evaluate the VEVs of the field squared and the energy-momentum tensor. In addition, the response of particle detectors in an arbitrary state of motion is determined by this function (see, for instance, [36, 37] ). For the evaluation of the Wightman function we use the mode sum formula
where {ϕ α (x), ϕ * α (x)} is a complete set of normalized mode functions satisfying the periodicity condition (3) and α is a collective notation for the quantum numbers specifying the solution.
In the problem under consideration, the mode functions are specified by the set of quantum numbers α = (n, γ, k z , k), with the values in the ranges n = 0, ±1, ±2, . . ., k = (k 4 , . . . , k D ), −∞ < k l < ∞. The mode functions have the form
where J ν (z) is the Bessel function, r = (x 4 , . . . , x D ) and
From the periodicity condition (3), for the eigenvalues of the quantum number k z one finds
Substituting the mode functions (5) into the sum (4), for the positive frequency Wightman function one finds
where ∆φ = φ − φ ′ , ∆r = r − r ′ , ∆t = t − t ′ , ∆z = z − z ′ , and the prime on the sum over n means that the summand with n = 0 should be taken with the weight 1/2. For the further evaluation, we apply to the series over l the Abel-Plana summation formula in the form [38] (for generalizations of the Abel-Plana formula and their applications in quantum field theory see [25, 39, 40] )
In the special case of g(y) = 1 and β = 0 this formula is reduced to the standard Abel-Plana formula. Taking in Eq. (9)
we present the Wightman function in the decomposed form
where W s (x, x ′ ) is the Wightman function in the geometry of a cosmic string without compactification. The latter corresponds to the first term on the right hand side of (9) . The integration over the angular part of k is done with the help of the formula
for a given function F (k). By using the expansion [e Ly+2πiλβ − 1] −1 = ∞ l=1 e −lLy−2πilλβ , the further integrations over k and y are done by making use of formulas from [41] . Similar transformations are done for the part W s (x, x ′ ). As a result we find the following expression
where
and we use the notation
The term l = 0 in (13) corresponds to the function W s (x, x ′ ).
For the further transformation of the expression (13) we employ the integral representation of the modified Bessel function [42] ,
Substituting this representation in (13), the integration over γ is done explicitly. Introducing an integration variable u = 1/(2τ ) and by changing l → −l, one finds
where u
The expression for the Wightman function may be further simplified by using the formula
where the summation in the first term on the right hind side goes under the condition
The formula (19) is obtained by making use of the integral representation 9.6.20 from [43] for the modified Bessel function and changing the order of the summation and integrations. Note that, for integer values of q, formula (19) reduces to the well-known result [41, 44] ∞ ′ m=0 cos(qm∆φ)I qm (w) = 1 2q
Substituting (19) with w = urr ′ into (17), the integration over u is performed explicitly in terms of the modified Bessel function and one finds
with the notation from (15) . This is the final expression of the Wightman function for the evaluation of the VEVs in the following sections. It allows us to present the VEVs of the field squared and the energy-momentum tensor for a scalar massive field in a closed form for general value of q. In the special case of integer q, the general formula is reduced to
In this case the Wightman function is expressed in terms of the q images of the Minkowski spacetime function with a compactified dimension along the axis z.
For a massless field, from (22) one finds
The l = 0 term in the expressions above corresponds to the Wightman function in the geometry of a cosmic string without compactification:
where u 2 0 is given by (18) with l = 0. The formulas given above can be generalized for a charged scalar field ϕ(x) in the presence of a gauge field with the vector potential A l =const and A l = 0 for l = 0, 1, 2. Though the corresponding magnetic field strength vanishes, the nontrivial topology of the background spacetime leads to Aharonov-Bohm-like effects for the VEVs. By the gauge transformation
, with the function Λ(x) = A l x l , we can see that the new field ϕ ′ (x) satisfies the field equation with A ′ l = 0 and the quasiperiodicity conditions similar to (3):
Hence, for a charged scalar field the corresponding expression for the Wightman function is obtained from (22) by the replacement β → β ′ . In this case the VEVs are periodic functions of the component of the vector potential along the compact dimension. We can consider a more general class of compactifications having the spatial topology (S 1 ) p with compact dimensions (x 3 = z, x 4 , . . . , x p ), p D. The phases in the quasiperiodicity conditions along separate dimensions can be different. For the eigenvalues of the quantum numbers k i , i = 3, . . . , p, one has 2π
. ., with L i being the length of the compact dimension along the axis x i . The mode sum for the corresponding Wightman function contains the summation over l i , i = 3, . . . , p, and the integration over k i with i = p + 1, . . . , D.
We apply to the series over l p the formula (9) . The term in the expression of the Wightman function which corresponds to the first integral on the right of (9) is the Wightman function for the topology (S 1 ) p−1 with compact dimensions (x 3 = z, x 4 , . . . , x p−1 ), and the second term gives the part induced by the compactness of the direction x p . As a result a recurrence formula is obtained which relates the Wightmann functions for the topologies (S 1 ) p and (S 1 ) p−1 .
The formulas for the Wightman function, given in this section, can be used to study the response of the Unruh-DeWitt type particle detector (see [36, 37] ) moving in the region outside the string. This response in the standard geometry of a D = 3 cosmic string with integer values of the parameter q has been investigated in [11] . Our main interest in this paper are the VEVs of the field squared and the energy-momentum tensor and we turn to the evaluation of these quantities.
VEV of the field squared
The VEV of the field squared is obtained from the Wightman function by taking the coincidence limit of the arguments. It is presented in the decomposed form:
where ϕ 2 s is the corresponding VEV in the geometry of a string without compact dimensions and ϕ 2 t is the topological part induced by the compactification of the z-direction. Because the compactification does not change the local geometry of the cosmic string spacetime, the divergences in the coincidence limit are contained in the term ϕ 2 s only and the topological part is finite. For r = 0 the renormalization of ϕ 2 s is reduced to the subtraction of the corresponding quantity in the Minkowski spacetime:
with W M (x, x ′ ) being the Wightman function in the Minkowski spacetime. The latter coincides with the k = 0 term in the square brackets of (25) . The subtraction of the Minkowskian Wightman function in (28) removes the pole. As a result, one finds
where [q/2] means the integer part of q/2 and we have defined
For 1 q < 2 the first term in the square brackets is absent. The VEV given by (29) is positive for q > 1. For a massless field, from (29) we obtain the expression below:
with the function g D (q) defined as
The latter is a monotonic increasing positive function of q for q > 1. For large values q, the dominant contribution to g D (q) comes from the first term in the square brackets on the right hand side and one finds
with ζ(x) being the Riemann zeta function. Simple expressions for g D (q) can be found for odd values of spatial dimension. In particular, for D = 3, 5 one has
The expressions for higher odd values of D can be obtained by using the recurrence scheme described in [31] . From (31) we obtain the results previously derived in [15] for the case D = 2 and in [8, 12] for D = 3. For a massive field, the leading term in the asymptotic expansion of the field squared for points near the string, mr ≪ 1, coincides with (31) . At large distances from the string, mr ≫ 1, the VEV (29) is exponentially suppressed. For the topological part, from (22) we directly obtain
where the prime on the sign of the summation means that the k = 0 term should be halved. Note that topological part is not changed under the replacement β → 1 − β. An alternative form of the VEV is obtained from (17):
For a massless field the integral in this formula is expressed in terms of the associated Legendre function. In particular, from (36) it follows that the topological part is always positive for an untwisted scalar (β = 0) and it is always negative for a twisted scalar (β = 1/2). In both cases, | ϕ 2 t | is a monotonically decreasing function of the field mass. In the special case of integer q, the general formula (35) is reduced to
In the discussion below, we shall be mainly concerned with the topological part. In the presence of a constant gauge field the corresponding expressions for the VEV of the field squared are obtained by the replacement β → β ′ with β ′ defined by (26) . Unlike the pure string part, ϕ 2 s , the topological part is finite on the string. Putting in (35) r = 0 and using the relation
with δ defined in accordance with q = 2p 0 + δ, 0 δ < 2, and p 0 being an integer, one finds
Here ϕ 2 (M) t is the VEV of the field squared in the Minkowski spacetime with a compact dimension of the length L. Note that in the case of δ = 0 the left hand side of (38) is understood in the sense of the limit δ → 0. For points near the string, mr ≪ 1, the pure stringy part behaves as 1/r D−1 and for r ≪ L it dominates in the total VEV.
For a massless field one finds
At small distances from the string, r ≪ L, in the leading order we have ϕ 2 t ≈ q ϕ 2 (M) t . At large distances, r ≫ L, the dominant contribution to (40) comes from the k = 0 term and one has ϕ 2 t ≈ ϕ 2 (M) t . As it can be seen from (35), we have the same asymptotics in the case of a massive field as well.
Numerical examples below are given for the simplest 5-dimensional Kaluza-Klein-type model (D = 4) with a single extra dimension. In the left panel of figure 1 we depicted the topological part in the VEV of the field squared as a function of mr for mL = 1 and for various values of the parameter q (figures near the curves). For q = 1 the cosmic string is absent and the VEV of the field squared is uniform. The full/dashed curves correspond to untwsited/twisted fields (β = 0 and β = 1/2, respectively). For a twisted field the complete VEV ϕ 2 is positive for points near the string and it is negative at large distances. Hence, for some intermediate value of the radial coordinate it vanishes. As it is seen, the presence of the cosmic string enhances the vacuum polarization effects induced by the compactification of spatial dimensions. In the right panel of figure 1 , we plot the topological part in the VEV of the field squared versus the parameter β for mL = 1 and mr = 0.25. As before, the figures near the curves correspond to the values of the parameter q. As it has been already mentioned, the topological part is symmetric with respect to β = 1/2. Note that the intersection point of the graphs for different q depends on the values of mL and mr. For example, in the case mL = 0.25 and mr = 0.25 at the intersection point we have β ≈ 0.19 and ϕ 2 t /m 3 ≈ 0.39.
Energy-momentum tensor
Another important characteristic of the vacuum state is the VEV of the energy-momentum tensor. For the evaluation of this quantity we use the formula [45] T ik = lim
where for the spacetime under consideration the Ricci tensor, R ik , vanishes for points outside the string. The expression for the energy-momentum tensor in (41) differs from the standard one, given, for example, in [36] , by the term which vanishes on the mass shell. By taking into account the expressions for the Wightman function and the VEV of the field squared, it can be seen that the vacuum energy-momentum tensor is diagonal. Moreover, similar to the field squared, it is presented in the decomposed form where T j i s is the corresponding VEV in the geometry of a string without compactification and the part T j i t is induced by the nontrivial topology of the z-direction. The topological part is finite and the renormalization is reduced to that for the pure string part.
The topological part in the VEV of the energy-momentum tensor is found from (41) , by making use of the expressions for the corresponding parts in the Wightman function and the VEV of the field squared. After long but straightforward calculations, for the topological part one finds
where the functions for separate components are given by the expressions
with the function f ν (x) defined by Eq. (15), and we use the notation
For the components with i > 3 one has (no summation)
. This relation is a direct consequence of the invariance of the problem with respect to the boosts along the directions x i , i = 4, ..., D. The topological part is symmetric with respect to β = 1/2. In the presence of a constant gauge field the expression for the VEV of the energy-momentum tensor is obtained from (43) by the replacement β → β ′ with β ′ given by (26) . The topological part is a periodic function of the component of the gauge field along the compact dimension.
In order to compare the contributions of the separate terms in (42), here we give also the expression for the pure string part:
where the functions F j i,0 (2mr, s k ) are given by (44) with l = 0. For integer values q, formula (46) is reduced to the one given in [31] . The VEVs corresponding to (46) diverge on the string as 1/r D+1 . A procedure to cure this divergence is to consider the string as having a nontrivial inner structure. In fact, in a realistic point of view, the string has a characteristic core radius determined by the energy scale where the symmetry of the system is spontaneously broken.
Various special cases of formula (46) can be found in the literature. In particular, for a massless scalar field from (46) we find the expression below:
where the function g D (q) is defined by (32) . In accordance with the asymptotic estimate (33) , for large values of q the expression on the right hand side of (47) is dominated by the term with g D+2 (q). The leading term does not depend on the curvature coupling parameter and the corresponding energy density is always negative. The energy density, T 0 0 s , for a massless field in arbitrary number of dimensions has been discussed previously in [10] . In the special case D = 3, the expression (47) reduces to the one given in [9] (see also [7] for the case of conformal coupling and [23] for a string which carries an internal magnetic flux). In this case and for a conformally coupled field the corresponding energy density is always negative. For a minimally coupled field the energy density is positive for q 2 < 19 and it is negative for q 2 > 19. In figure  2 we plot the energy density corresponding to (47) as a function of q for D = 3, 4 (figures near the curves) for minimally (full curves) and conformally (dashed curves) coupled massless fields. In the discussion below we shall be mainly concerned with the topological part. It can be easily checked that the topological part satisfies the covariant conservation equation for the energy-momentum tensor: ∇ j T j i t = 0. In the geometry under consideration, the latter is reduced to the equation T 2 2 t = ∂ r r T 1 1 t . In addition, the topological part obeys the trace relation
In particular, it is traceless for a conformally coupled massless field. Let us consider special cases of the general formula (43) . For integer values of q one finds:
In the case of a massless field and general values of q the formula (43) reduces to
with the notations
and (no summation)
(u, v) for i > 3. Now we consider the asymptotics for the VEV of the energy-momentum tensor. When r ≫ L, the dominant contribution in (43) comes from the term with k = 0:
is the VEV in the Minkowski spacetime with a compact dimension of the length L. Note that the latter does not depend on the curvature coupling parameter. From (52) it follows that at large distances from the string the topological part in the energy density is negative/positive for untwisted/twisted scalar fields. At large distances the topological part dominates and the same is the case for the total VEV. On the string we have
where the notations are as follows (no summation):
For both conformally and minimally coupled fields the energy density corresponding to (53) is negative/positive for untwisted/twisted fields. For integer values of q, the expression in the square brackets in (53) is equal to q/4. The pure string part of the VEV diverges on the string as 1/r D+1 and, hence, it dominates for points near the string, r ≪ L. Combining these features, we see that for a minimally coupled untwisted scalar field the vacuum energy is negative at large distances from the string and it is positive near the string for q 2 < 19 and D 3. In figure 3 we plot the topological part in the vacuum energy density, T 0 0 t /m D+1 , as a function of the distance from the string and of the length of the compact dimension, for an untwisted scalar field (β = 0) in D = 4 cosmic string spacetime with q = 3. For a twisted scalar field the corresponding energy density is positive. For a massless field the quantity L D+1 T j i t is a function of the ratio r/L. In figure 4 we present the corresponding energy density (left panel) and the stress along the compact dimension (right panel) in the case of a D = 4 minimally coupled scalar field for various values of the parameter q (figures near the curves). The full/dashed curves correspond to untwsited/twisted scalar fields. In the case q = 1 the cosmic string is absent and the corresponding VEVs are uniform. The graphs for a conformally coupled field are similar to those given in figure 4 . Note that for the topological part in the vacuum effective pressure along the j-th direction we have (no summation) p t,j = − T j j t , and, hence, for the example corresponding to figure 4 both the energy density and the pressure along the compact dimension are negative/positive for untwisted/twisted fields.
The topological parts in the radial and azimuthal stresses are plotted in figure 5 versus r/L for minimally (full curves) and conformally (dashed curves) coupled untwisted fields in the geometry of a D = 4 cosmic string with q = 2. Note that the azimuthal stress is not a monotonic function in both cases. As it is seen, the corresponding effective pressures are positive. For a twisted field the graphs have similar structure with the signs changed.
The dependence of the energy density on the parameter β in the quasiperiodicity condition along the compact dimension is presented in figure 6 for a minimally coupled massless scalar field in D = 4. The graphs are plotted for r/L = 0.3 and for various values of q (numbers near the curves). They are symmetric with respect to β = 1/2. 
Vacuum energy
As we have seen before, the energy density corresponding to the pure string part diverges on the string as 1/r D+1 . Consequently, the corresponding total vacuum energy is divergent. We can evaluate the total vacuum energy in the region r r 0 > 0 per unit volume in the subspace (x 3 , x 4 , . . . , x D ), defined as E 
with the notation
For a massless field this formula is reduced to
Of course, this result could also be obtained directly from (47) . For mr 0 ≫ 1 and for fixed value of q, the dominant contribution to (55) comes from the first term in the right hand side of Eq. (56) and the vacuum energy is positive for ξ < 1/4. In particular, this is the case for both minimally and conformally coupled fields. In the case mr 0 ≪ 1, the leading term in the asymptotic expansion of the vacuum energy is given by (57). For large values of q the second term in the square brackets of (57) dominates and the vacuum energy is negative with independence of the curvature coupling parameter. For q 1, the vacuum energy given by (57) remains negative for a conformally coupled field and becomes positive for a minimally coupled field. Now we turn to the topological part of the vacuum energy. The corresponding energymomentum tensor can be further decomposed as
where the second term on the right hand side is the correction due to the presence of the string. The expression for T 
By taking into account that T 0 0 (s) t is given by the expression (43) omitting the k = 0 term, the integral over r is evaluated by using the formula [ 
with the function f ν (x) defined in Eq. (15) . As a result, the dependence on the parameter q is factorized in the form of g 3 (q)/q, where the function g D (q) is given by (32) . By taking into account the expression (34) for g 3 (q), we find the final expression for the vacuum energy:
As it is seen, the total energy does not depend on the curvature coupling parameter. It is negative/positive for untwisted/twisted scalar fields. For a massless field we find
For a massive field, the expression (62) gives the leading term in the asymptotic expansion for mL ≪ 1. For odd values of D, the series in (63) is given in terms of the Bernoulli polynomials:
In figure 7 we plotted the function h D (β) for D = 3, 4, 5 (figures near the curves). As in the case of the vacuum densities, this function is symmetric with respect to β = 1/2.
Conclusion
In the present paper we have investigated the one-loop quantum effects for a massive scalar field with general curvature coupling parameter, induced by the compactification of spatial dimensions in a generalized cosmic string spacetime. It is assumed that along the compact dimension the field obeys quasiperiodicity condition with an arbitrary phase. As the first step for the investigation of vacuum densities we evaluate the positive frequency Wightman function. This function gives comprehensive insight into vacuum fluctuations and determines the response of a particle detector of the Unruh-DeWitt type in a given state of motion. For a massive field and for general value of the planar angle deficit, the Wightman function is given by formula (22) . The l = 0 term in this expression corresponds to the Wightman function in the geometry of a cosmic string without compactification and, hence, the topological part is explicitly extracted. As the compactification under consideration does not change the local geometry, in this way the renormalization for the VEVs in the coincidence limit is reduced to that for the standard cosmic string geometry without compactification. For integer values of the parameter q, the Wightman function is expressed as an image sum of the corresponding function in the Minkowski spacetime with a compact dimension and is given by Eq. (23) . The VEV of the field squared is decomposed as the sum of the pure string part and the correction due to the compactification. For a massive field the string part is given by (29) . Since the geometry is locally flat, this part does not depend on the curvature coupling parameter. It is positive for q > 1 and diverges on the string like 1/r D−1 . This divergence may be regularized considering a more realistic model of the string with nontrivial inner structure. The topological part in the VEV of the field squared is given by the expression (35) and it is finite everywhere including the points on the string. In dependence of the value of the phase β in the quasiperiodicity condition, this part can be either positive or negative. In particular, the topological part is positive for an untwisted scalar and it is negative for a twisted scalar. At distances from the string larger than the length of the compact dimension, the topological part in the VEV of the field squared approaches to the corresponding quantity in the Minkowski spacetime with a compact dimension. For points near the string we have the simple asymptotic relation ϕ 2 t ≈ q ϕ 2 (M) t . The VEV of the energy-momentum tensor is investigated in section 4. This VEV is diagonal and, similar to the case of the field squared, it is decomposed into the pure string and topological parts, given by expressions (46) and (43), respectively. We have explicitly checked that the topological part satisfies the covariant conservation equation and its trace is related to the VEV of the field squared by the standard formula. For a massive field and for general value of the parameter q, we give a closed expression for the pure string part in the VEV of the energymomentum tensor in arbitrary number of dimensions. The latter generalizes various special cases previously discussed in the literature. At large distances from the string, the topological part coincides with the corresponding result in the Minkowski spacetime and it dominates in the total VEV. In this limit the VEV of the energy-momentum tensor does not depend on the curvature coupling parameter and the corresponding energy density is negative/positive for untwisted/twisted scalar fields. The topological part is finite on the string and for points near the string the leading term in the corresponding asymptotic expansion is given by (53). The pure string part in the VEV of the energy density diverges on the string as 1/r D+1 and near the string it dominates in the total VEV. For a conformally coupled scalar field the corresponding energy density is negative, whereas for a minimally coupled field the energy density is positive for small values of the parameter q and becomes negative for large values of q. The numerical examples are given for the simplest Kaluza-Klein-type model with a single extra dimension. They show that he nontrivial topology due to the cosmic string enhances the vacuum polarization effects induced by the compactness of spatial dimensions for both the field squared and the vacuum energy density. For a charged scalar field, in the presence of a constant gauge field the expression for the topological parts are obtained from the formulas given above by the replacement β → β ′ with β ′ defined by (26) . In this case the topological parts are periodic functions of the component of the gauge field along the compact dimension. This is an analog of the Aharonov-Bohm effect.
As a result of the non-integrable divergence of the energy density in the pure string part on the string, the corresponding total vacuum energy is divergent. In section 5 we give a closed expression, Eq. (55), for the vacuum energy in the region r r 0 > 0. The topological part in the VEV of the energy-momentum tensor can be further decomposed into the Minkowskian and string induced parts. The latter is finite on the string and vanishes at large distances from the string. As a result, the total vacuum energy corresponding to this part is finite. This energy is given by the expressions (61) and (62) for massive and massless fields, respectively. In these expressions the dependence on the parameter q is simply factorized. The string induced part in the topological energy does not depend on the curvature coupling parameter and it is negative/positive for untwisted/twisted scalars.
In a way similar to that described above, one can consider the topological Casimir effect for a cosmic string in de Sitter spacetime with compact spatial dimensions. The vacuum polarization effects induced by the presence of the string in uncompactified de Sitter spacetime have been recently discussed in Ref. [46] . The topological Casimir densities in de Sitter spacetime with toroidally compactified spatial dimensions are investigated in Ref. [47] . It has been shown that the curvature of the background spacetime decisively influences the behavior of the topological parts in the VEVs of the field squared and the energy density for lengths of compact dimensions larger than the curvature scale of the spacetime.
In this paper the string geometry is taken as a static, given classical background for quantum matter fields. This approach follows the main part of the papers where the influence of the string on quantum matter is investigated (see references [7] - [23] ). Of course, in a more complete approach the dynamics of the cosmic string should be taken into account. In the simplest model, the cosmic string dynamics can be described by the Nambu action (see, for instance, [2] ). If the scalar field under consideration interacts with the Higgs field inside the string core, then, within this model, the total action will contain also the term describing the interaction of the scalar field with the vibrational modes of the string. This would be the further development of the model under discussion. The results obtained in the present paper are the first step to this more general problem. Another development would be the investigation of the back-reaction effects of the quantum energy-momentum tensor on the gravitational field of the cosmic string. For the geometry of infinitely thin straight cosmic string the back-reaction for conformal fields has been discussed in [20, 48] by using the linearized semiclassical Einstein equations. It would also be interesting to generalize the vacuum polarization calculations of the present paper for the models with nontrivial string core. For a general cylindrically symmetric static model of the string core with finite support this can be done in a way similar to that used in [31] for the geometry of a straight cosmic string.
